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Abstract 

We display the vertex operators for all states in the conformal supergravity sector of the 
twistor string, as outlined by Berkovits and Witten. These include 'dipole' states, which are 
pairs of supergravitons that do not diagonalize the translation generators. We use canon- 
ical quantization of the open string version of Berkovits, and compute A^-point tree level 
scattering amplitudes for gravitons, gluons and scalars. We reproduce the Berkovits- Witten 
formula for maximal helicity violating (MHV) amplitudes (which they derived using path 
integrals), and extend their results to the dipole pairs. We compare these trees with those 
of Einstein gravity field theory. 
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1 Introduction 



We pursue the tree amplitudes for graviton scattering in conformal gravity, described by 
twistor string theory. The twistor string [1] and its open string formulation [2] describe 
massless particles of A/" = 4 Yang-Mills theory coupled to conformal supergravity [3] in 
four-dimensional Minkowski spacetime. 

Conformal gravity field theories [U [5] provided early examples of finite field theories of 
gravity [Gj [?]• They are not unitary theories, but have interesting structure and continue 
to provoke comments about possible uses |Sj. Of course the conformal supergraviton states 
have zero norm, due to the lack of unitarity [S]. Nevertheless, the equivalence of the twistor 
string with this field theory system can be exploited to derive conformal gravity tree level 
scattering amplitudes hard to access in the field theory. We compute the gravity trees as 
a step toward learning how to decouple them in the twistor string. This would result in 
a perturbative string theory for super Yang-Mills (with no tower of massive states), and 
the computational advantage one hopes for in a string theory vs. field theory description. 
Various efforts towards a QCD string are discussed in [TO]- 

We work in a spinor helicity basis |llj-|13j. and compare the conformal gravity tree ampli- 
tudes with those of Einstein gravity |14j-|19j. The conformal gravity trees have fewer poles. 
We compute the conformal couplings in detail, as they should be important in further study 
of the loop calculation |20j . 

Computation is done in the Berkovits open string version [2]. We use the twistor string 
canonical quantization described in [20\ [2T] and follow their notation. In section 2, we give 
the vertex operators for all states in the conformal supergravity multiplets, as outlined by 
Berkovits and Witten [3]. These include the dipole states, which form pairs of supergravitons, 
where one state in each pair does not diagonalize the translation generators, and is not a 
momentum eigenstate. We show all supergraviton states have zero norm in our basis. 

In section 3, three-point scattering amplitudes for gluons and gravitons and scalars, with 
both one and two negative helicities are calculated. We include cases for both members the 
dipoles, and find a momentum derivative appearing in amplitudes for states that do not 
diagonalize the translations generators. These amplitudes still have translational invariance. 

In section 4, we extend our results to A^-point tree level amplitudes for these dipole pairs. We 
reproduce the Berkovits- Witten formula for maximal helicity violating (MHV) amplitudes 
for the diagonal states, showing consistency of the canonical approach and the path integral 
framework. In section 5, we compute iV-point conformal gravity MHV tree amplitudes for a 
selection of gluons and supergravitons in the dipole pairs. 
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2 Vertex Operators and Canonical Quantization 

The world-sheet fields for twistor string theory are the twistor fields Yj,Z^, 1 < / < 8, and 
the current algebra J"^ with central charge 28. In addition, there are ghost fields b, c, u, v, and 
world sheet gauge fields all summarized in [20j. The fields have conformal spin zero and 
are relabeled as four boson fields A", 1 < a, d < 2 and four fermion fields ip"^, 1 < m < 4. 
The conjugate variables 1/ have conformal spin one, as do the currents J^. 

The twistor field commutation relations follow from 

Z'{p)Yj{C) =: Z\p)Yj{0 : +S'j{p - ()-'■ (2.1) 



2.1 Vertex Operators 

The massless states of = 4 conformal supergravity consist of pairs of graviton super- 
multiplets (called dipoles), whose vertex operators are Vf{p), Vp'ip) and Vg{p),Vg'{p); in 
addition to spin 3/2 supermultiplets, with vertex operators V/(p) and Vg{p). Loosely fol- 
lowing the notation of [3j, we list them in terms of homogeneous functions f^, gj, of Z^ in 
Table 1. For each vertex, and gj satisfy 

^f = 0, Z'9i = (2.2) 
to ensure the vertex operators are primary with respect to the U{1) current 

J{p)=-Y,--Yiip)Z'ip): (2.3) 

and the Virasoro current 

Lip) = -Y.: Yi{p)Z\p) : - : u{p)v{p) : +2 : dc{p)h{p) : - : dh{p)c{p) : +L\p). (2.4) 

Here L'^{p) is the contribution from the current algebra. The vertex operators have charge 
zero and conformal dimension one. The primed vertices correspond to states that do not 
diagonalize the translation generators [3]. 
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Vertex Operator 


Helicities 


VF{p) = r{Z{p))Ya{p) 


(2, f, 1, h 0) 


VG{p)=ga{Z{p))dX^{p) 


(0, -i, -1, -|, -2) 


vf.{p) = nz{p))Ya{p) + nzipWaip) 


(2, i, 1, i 0) 


Vcip) = ga{Z{p))dp^{p)+ga{Z{p))d\''{p) 


(0, -i, -1, -|, -2) 


Vf{p) = r{Z{p))YM + ~f{Z{p))Ya{p) 


1 1 Q _1\ 

V 2 ' ' 2 ' ' 2 / 


Vg{p) = gm{Z{p))di^^{p) + ~ga{Z{p))d\''{p) 


V 2 ' ^' 2 ' ' 2 / 


Viip) = V^{Z{p))j\p) 


(±1, 4(±i), 6(0)) 



Table 1: Vertex operators and helicities for TV = 4 conformal supergravity and Yang- Mills theory 



We will define the homogeneous functions for each vertex operator, and discuss their proper- 
ties. The states are labeled by helicities and their representations under the SU (4) i?— symmetry 
(in bold). As a reminder, we first look at the A/" = 4 Yang-Mills gluon vertex. 



Vi{p) = V^{Z{p))j\p) 



(2.5) 



with 



V^{Z{p)) 



dk 
~k 



(p) 



a=l 



1 



X\p) vr^ 



1 \ 3 



1 



+ j -,^l>\pW{p)i>''{p)Akcd + 



TT 



(2.6) 



where ijf' = tp^{p) and 6, c, d are summed over. With use of the delta function S{kX^{p) — tt^) 
to perform the fc-integration, this becomes the vertex used by Berkovits and Witten, except 
they omit the Afj, Afjc, and Afjcd terms \20\ [21 [22| [3]. In that form, it is easy to see that the 
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vertex operator V0(Z^(/9)) is homogeneous in Z\p) of degree p = 0. (A function homogeneous 
in Z of degree p satisfies f{kZ) = kPf{Z), so it has ^7(1) charge p.) For the scahng vr" — > 
Kvr", vf" K~^7f", each helicity component scales as k^^^ where h is the helicity of the 
state in Minkowski spacetime [3]. Thus y^(Z(/9)) describes the super gluon hehcity states 
(1, 1), (^,4), (0, 6), (—^,4), (—1, 1). The spinor hehcity variables TT°',Tr"' are related to massless 
four-dimensional momentum paa = T^aT^d = '^aaPfJ- where = (l,cr*) in terms of the Pauli 
matrices a*. Indices are raised and lowered qa = eabQ^', <f = ^"'^Qb, la = ^abl^ ^ 9" ~ ^""^Qi, ^"^^^ 
e — i — — ei2. 

F Vertices 

For the conformal supergravity states, the vertex operator for the helicity states 

;i,4),(i,6),(i, 



(2,l),(|,4),(l,6),(l,4),(0,l) is given by 



VF{p)=f{Z{p))Y,{p) (2.7) 

with 

2 



a=l 



f2i 



The function f"'{Z^{p)) is homogeneous in Z^{p) of degree 1. The highest component (which 
is proportional to 62) scales as with vr" and vf", to describe helicity 2. As required by the 
primary field conditions, g^f(p) /"(■^(p)) = 0) since vfaVf'^ = 0. These vertices correspond to 
plane wave states and diagonalize the translation generators. Together with the F' vertices 
they comprise a dipole pair [3]. 



F' Vertices 

The vertex operator for a second set of states (2, 1), (|, 4), (1, 6), (|, 4), (0, 1) is 

VF,{p)=nZ{p))Ya{p) + r{Z{p))Ya{p) (2.9) 

with 



5 



dk 



nZ{p)) = / _ J] 5(fcA»(p) - 7r'')e"^nf^ 



(p) 



a=l 

1,2 J.3 



(2.10) 



and 



nZ{p)) = -^s^r I n ^(^^"(^) - vr")e^'=*^^^(^) 



A;3 5A'=(p) 11 

a=l 



(2.11) 

chosen to satisfy the volume preserving condition g^f^^^ f"-{Z{p)) + gjl^^p^ f^i^ip)) = 0- The 
spinors Sa and Sq are defined such that vr^Sa = 1 and vf^Sa = 1. These states are not 
eigenstates of the momentum operator, as we discuss in (|3.25p . 

G Vertices 

Conformal supergravity states with the opposite hehcities and conjugate SU (4) representa- 
tions, (0, l),(-i,4),(-l,6),(-|,4),(-2,l) are described by 



VG{p)=ga{Z{p))dX^{p) 



(2.12) 



with 

9a{Z{p)) 



dk k Xaip) Yl 5{k\%p) - 7r")e^'=*^^' 



(p) 



a=l 



(2.13) 



ga{Z'^{p)) is homogeneous in Z^[p) of degree —1. The highest component (proportional 
to C), scales with vr" and t:'^ as for zero helicity. Also, X^{p)ga{Z(p)) = 0. These are 
momentum eigenstates, and form a dipole pair with the G' vertices. 
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G' Vertices 



The final states that do not diagonahze the translation generators form a second set of states 
(0, 4),(-l,6),(-|,4),(-2, 1) and correspond to 



Va{p) = ga{Z{p)) dix\p) + ga{Z{p)) dX'ip) 



(2.14) 



with 



ga{Z{p)) = isa dkH dikX'^ip) - vr»)e^*^*6M' 



(p) 



a=l 



(2.15) 



and 



9a{Z{p)) = -iSaSaf^\p) / dfc J] '^(^^"(p) - 7r'^)e*'=%'^''(^) 

a=l 



X 



k 



3! 



(2.16) 



with /x«(p)5^(Z(p)) + X-{p)ga{Z{p)) = 0. 



/ Vertices 

The vertex operator for the plane wave states with quantum numbers 
(1,4), (1,1501), (i, 20©4), (0,10®6), (-i 4) is 



Vf{p)= r{Z{p))YUp) + r{Z{p))Ya{p) 



(2.17) 



with 



2 

riZip)) = I ^n5(fcA"(p)-7r«)< 

a=l 



X 



2 



fc3 



(2.18) 
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and 



nZ{p)) = -is'' I ^ fl S{kX-{p) - n-)e"'n^^'^P) 

a=l 



(2.19) 



so that g^/-(^(p)) + ^/-(^(p)) = 0, r{Z{p) and r{Z{p)) have degree 1, and the 
leading components scale as k"^ and respectively. 



g Vertices 



The vertex operator for states with the opposite hehcities and conjugate SU(4) representa- 



tions, (i 4), (0,10 ©6), (-i 20 ©4), (-1,1 ©15), (-|,4) is 



Vg{p)=gm{Z{p))di;^{p) + gaiZip))dX''{p) 



(2.20) 



with 



gm{Z{p)) = dkH <5(A:A«(p) - 7r«)e^'=*6/^' 

o=l 



(p) 



X 



Ei^ + k^'Eomb + ^i'''rE_.^^,, + ^^V'^V-'^^-lmbcd + k^^'^''^^^^E_s 



2 

(2.21 



and 



5„(^(p)) = sa [dkkfl S{kX-{p) - n-)e"'n^^' 

a=l 

E,^ + fcV^'^Omb + yV-V'^-i^be + ^^^''rrE-lmhcd 



X 



(2.22) 



where ilj^{p)gm{Z{p)) + X^{p)ga{Z{p)) = 0. To obtain ga{Z{p)), we use 7r"sa = 1 which can 
be written as p^'^"(p)sa = 1 on the support of the delta function 5 (jij^ — fr^ • 
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2.2 Norm of the States 



We can check that the norms of the one particle supergraviton states are zero. The physical 
states corresponding to the vertex operators are shown in Table 2, 



Vf 


r(Zo)y,(_i)|o) 


Vg 


5a(^0)A^_l)|0) 


Vf' 


(r (Zo)y,(_i) + r (^o)n(-i)) |o) 


Vg' 


(5a(^0)^f_l)+5a(^0)A|'_i)) [0) 


yf 


(/-(Zo)y^(_i) + r (^o)n(-i)) |o) 


y^ 


(5m(^o)V'|^i)+5a(^o)A^_i)) |0) 


yi 


y^(Zo)j(ii)|o) 



Table 2: One particle states 



-n-l 



where the mode expansion for the twistor fields is Z\p) = Zj^p Y.j{p) = YjnP 
and the modes annihilating the vacuum are Z^|0) = 0, n > 1, and y„/|0) =0, n > 0. 
The canonical commutation relations are 



(2.23) 



and the hermitian conjugates [20j are (^^)^ = ZLn: for 1 < / < 8; and (X/)^ = —Y£^^ 
for 1 < J < 4; and (y;/)t = for 5 < J < 8. We find that the only non-vanishing 

inner products for the conformal graviton states are (0|V^,(0)yF(0)|0), (0|V^,(0)Vg'(0)|0), 
and (0|F/(0)Vg(0)|0), so the norms of the supergraviton states vanish in the basis chosen in 
Table 2. We compute the inner products as follows. For example, 



(0|y(t(0)V>(0)|0) = (oiA?5:(^o)r(^o)n(-i)|o) = 0, 



(2.24) 



since Zq and yj(-i) commute, and the yj(-i) acting to the left annihilate the vacuum. In 
contrast, the gluon norm is positive, 



\yci>{Zo)j\ 



{Q\Jtv;{Zo)v^{Zo)Ji 



(OlJi^J^ilO) / dZo\V^{ZQ)\' = k 



j dZo\V4Zo)\^ > 0, (2.25) 



where k is the level of the current algebra, Jn^m = if^^c^n+m + kndn-m^^^- 
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2.3 A Subset of Vertex Operators 

We will focus on amplitudes involving a subset of the vertex operators, relabeled in Table 3. 



Vf 


e2(p) = ijdk k-^ nLi SikX^ip) - 7r«)e'*=*6M'('') it^Yaip) 62 


C{p) = ijdk SikX'^ip) - Tr'^)e'^nf'''(p^ fc^ W^V'^ T^^Ya{p) Co 


Vn 


C{p) = Jdkk Ul=i SikX^ip) - 7r«)e^'=*6MHp) Xa{p)dX^ip) Co 


e_2{p) = J dkkY[l^^5{kX''{p)-T^'')e'^nt''^P^k^^l}^i)'^i}^'il)^Xa{p)dX''{p)e^2 




e^(p) = jdkk-^[s'^Ya{p)\{l^^6{kX-{p)-T,'^) 

+i^'{£s nLi SikX'^ip) - 7T-))s^Ya{p)\ e^'^VWe'^ 


C'{p) = Jdkk-^[s-Ya{p)Ul=i^ikX''{p)-T^'') 

Ul=i S{kX^{p) - n''))s^Yaip)\ e^'=*6M''('')fcVV^V'^^^ 


Vg' 


C'{p) = I Jdkk n„=i SikX^ip) - it") [k ^Sadp^ip) - Sd/x«(p)s„aA"(p)] e'^^'b" ^P'C'q 


e'_2(p) = iJdkklll=iS{kX''ip)-7r'^)[k-'sadp^{p)-SapHp)sadX-{p)] 




Af{p) = Jdk k-^ nLi SikX'^ip) - Tr<^)e'^HP''^p) Ax J\p) 


A\{p) = Jdk k-^ nLi <^(fcA'^(p) - 7r")e^*^*6/^''('')A;V ^-1 J^{p) 


Tal 


)le 3: A subset of the vertex operators: for conformal gravitons, scalars and gluons 
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3 Three-Point Couplings 



In this section, we compute the non-vanishing three-point amphtudes for the gravitons, 
scalars, and gluons in the Vp, Vg and V$ vertices using canonical quantization, and then 
extend these to the corresponding states in the primed vertices, Vp'-, and Vc- We have 
relabeled this subset of vertex operators for positive and negative helicity states in Table 3. 
(It will be convenient to consider the scalars C, C' as negative helicity, and C, C as positive 
helicity when computing amplitudes, as in [3].) Amplitudes for other states can be calculated 
with similar ease. 

Scattering amplitudes in twistor string theory receive contributions from the various instan- 
ton sectors, which are due to world sheet gauge fields [Il[2]. Amplitudes with the number of 
negative helicity states equal to d -|- 1 — ^, are computed with instanton number d, where i 
is the number of loops. For tree amplitudes, i = 0. We compute the A^-point tree as [20] 

N 

{Vl{pi)V2{p2) . . . VN{pN))tree = / {0\e'''''Vi{pi)V2{p2) ' ' ' Fjv(/9jv)|0) [] dpr/djMdjS (3.1) 

where djM is the invariant measure of the Mobius group, and djs is the invariant measure 
of the scaling group, qo is the conjugate zero mode of the U{1) current and commutes with 
field modes as Y^_^e'^i° = e^^oy/ and Z^^^e'^^o = e'^'^oZ^. 



3.1 Unprimed Couplings 

Using the canonical methods of [20], we compute the non- vanishing three-point tree ampli- 
tudes that come from the degree one curves as follows. 



{A^\{pi)A^l{p2)C{p3))troc = / {0\e'''A^\{p,)A^l{p2)C{p3)\0)l[dpr/djMdjs 

r=l 

3 

lldkrKXa{p3)dX''{p3)llS{7rr'' - KX'^iprMpi - P2)Hhk2)'' 
r=l r,a 

a r \ [Pl ~ PV ^1^2 J 

» 3 3 

■54(E7r,7f,) / n^Crn^-'^(^-'-CrVr/)(Cl -C2)'(vriV2^)2 5^l^M_i(i)A_i(2)C, 
r=l r=l 

■,5^(S7r,7f,) (12)25^1^2 ^_i(i)^_i(2)Co(3) = e^-P2q ■ Pi <5^(S7r,7f,)(^^i^2C7o{3)- 



(3.2) 
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This amplitude is type (j)4>G. We replace Z\p) with Zq + pZLi, as the only surviving 
modes, and change variables = xi\p''\ ■ ^'^^ d = 1, the invariant measures are ex- 
pressed as d'jMd'js = Y[a=i^'^^"'i^'^^ ^)~'^ where Yla^^'^"' = dXQdXi^idXldX^i, and det A = 
XqX^i — AqA^^. The current algebra contribution follows from (j4.5p . The gluon polarizations 
are given by e~ = A_i(^r)'^raSrd and e+ = Ai(^r)SraTi'rd ■ We use momentum conservation 
and thus s^j^Ylr'^r^r = to find s^^^vf^ = and s^j^Tti = ||jy, so that •P2^2 'P'^ ~ 
— (12)^ A_i(i)j4_i(2)i with (rs) = vTraVr^ and [rs] = 7f,.a7f". We can set the scalar wave 
function Co(3) = 1. The momentum conserving delta functions are 



J] 5 (s,Ll^'vf,^) = 5H^TTr7tr). (3.3) 



d,b 



For two gluons and a graviton ((j)(f)G), 

r ^ 

{Af^ipi)A^lip2)e.2iP3))tree = / (0|e''M^^nPi)^-KP2)e-2 (/^s) |0) n rf/>r/rf7A/(i7s 

r=l 



J] dA;, kr Xa{p3)dX''iP3) H '^(^'■'^ " ^rA'^(p.)) (p2 " />3)'(fe2A:: 



r=l r=l 

.3 



X 



r=l r=l 
X <5^^^Ml(l)^_l(2)e_2(3) 

(23)^ 
(12)^ 



-5^^^^^1(1)^-1(2)6-2(3) 



(3.4) 

The gravity polarizations are e~ = &-2{r)'^raSra^ThS and e,^ = e2(r)Sra^rdSr-fevr^j, and one 
can factor 



1 2 3aa66-^^ ^^2 ' 1 /"^ 3aafefe 2 ^2 ' 2 /"d 3adfefe 1 ■'^^ 



[e, -e^e^-pi + e, ' P2 ■ e2 + ■ Ps ■ e,) e, ■ p2 = = 



(23)3 (23) (31) _ (23)_^ 

(3.5) 
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For two gravitons and a scalar (GGG), 

3 

(e_2(pi)e_2(p2)C(p3))tree = / {0\e'''' e.2{pi)e-2{p2)C {psM H dpr / d^/Md^S 

'' r=l 

3 3 

W dkr n K Aa(pi)5A»(pi) Xb{p2)dX''{p2) Xc{p3)dX'{p3) J] ^« " ^rX'^ipr)) {pi " P2)^A:tA:| 



r=l r=l ra 

X (0|e'?OeS?=i ^>^rK,^^\pr) |o) J] d^A" J] dpr/d^sd^u 6-2(1)6-2(2) Qo) 



3 3 



<5^(S7r,7f,) / n dCr n ^(^' - Crvr,^) (Ci - C2?{^W2? e_ 

1 1 



■2(1)6-2(2)^(3) 



r=l r=l 



5\i:^r^r) (12)^e„2(l)e-2(2)Co(3) = ^-,,,,^^^2' Sccd/l'^'l' ^'i^^r^r) ^0(3). (3.6) 



Less conventional is the three-graviton coupling (GGF): 

3 

(e-2(pi)e-2(p2)e2(P3))treo = / (0|e*' e_2 (pi )e-2 (^2)62 (pa) |0) /dTM^Ti 



r=l 



3 



i / n^^A;,:^A,(pi)aA'^(pi)A,(p2)5A'^(/52)n'^(<-^-^"(/''-)) (Pi - P2)'ktkl 

r=l '^S ™ 

a r 



6-2(1)6-2(2)62(3) 



= ^5^(E..vf.) / n ^C. n ^^-r - CrO (Ci - C2)^vrlvr^)^ fl^ (-z) 

J r=l r=l ^^3i ^=1 C,3 

2 [37-] ^7-^^ 2 

= 5^{ll^r^r) (12)^ ^ ^3^^^3^p 6_2(l)6_2(2)62(3) 

= 5^(E7r,7f,) (12)6 ^^^^ 6^2(1)6-2(2)62(3) = 0, (3.7) 

since (12) [23] = by momentum conservation. Since this amplitude involves 1^, we have 
first evaluated, using (j2.23|) . 

(0|e90e^ti^fc'-*.5M''(pO7rfy^(p3)|0) = -iV ^ ^"^^""^ /0|e'^°e^'-i ^^-"'■^^''(^'-^ |0), (3.8) 

^(Pr-P3) 

then replaced /^''(p) by its lowest modes and changed variables from to Cr, as discussed 
in more detail in (14. 8p . The expression is independent of the spinor ^. We compare this 
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vanishing three-graviton tree amplitude for conformal gravity with that of Einstein gravity, 

(12)^ 

{e-2{Pl)e-2{P2)e2{Pz))Einsteintree = ^23)2(31)2 ^ (^^^TTr) e_2(l)e_2(2)e2(3) / 

= — (e-2(/Ol)e-2(/O2)e2(/03))tree- (3.9) 
S23 

For two scalars and a graviton {GGF), the amplitude also vanishes by momentum conserva- 
tion: 

3 

(C(pi)e_2(p2)C(p3))tree = / {0\e'lO C {pi)e.2{p2)C {psM dpr/djMdjS 

•' r=l 

3 , , 

\{dkr^ Xa{pi)d\%pi) Xa{p2)d\''{p2) \{6{K " KX^Pr)) {p2 " P^tk^ki 



X (0|e^°e^-i^'=^*^^'^''(^')7fty,(/,3)|0)n^'A'^n^/^-/^^5'^^^^ Q(i) 6-2(2)^0(3) 

a r 

<5^(S^,7f,) (12)2 \2^\^c^ = 0. (3.10) 



The remaining three-point functions with two negative helicity states also vanish. For com- 
parison, we include the familiar degree one three-point gluon vertex, 

3 

{A^\{pM-\{P2)At^{pz)hrco = / W^'A\{pM^\{P2)At^{pm\{dpr/d^MdlS 



3 

j W-^W^^K - kr^Pr)) {P^-P2tktkt ^ 



r=l 

A1A2A. 



3 



. {Pl - P2){p2 - P3){P3 - Pi) 

X (0|e««eS'-i '>^r^ri.>^'M |o) <i2^a "Q dp,./d^sd-fM A_^,^A_^^^A^,^ 

a r 

= wm ^"1(1)^-1(2)^1(3) 

= 6\^7rr7tr) f^'^'^' {t^ ■ e^e+ ■ pi + • e+ef • P2 + e^ ere2" • Ps) • (3.11) 

The unprimed MHV three-point functions are summarized in Table 4, where we include their 
polarizations and momentum conserving delta function, in order to compare with primed 
couplings in Table 6. Our calculations agree with the general Berkovits-Witten formula |3j, 
derived from path integral methods, and our analysis is useful in extending to the dipole 
states, and in comparing with conventional field theory couplings. 
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(e_2e_2C) = {12)^e_2(i^e_2(2)Co{3)S^i^TTrT^r 



{e-2e-2e2) 



(12)6 [23] 
(23) (31)^ 



e_2(i)e_2(2)e2(3)5'^(S7rrVrr) = 



(Ce_2C) = MWMc'o(i)e_2(2)Co(3)<^'(S^r^r) 



{A^\A^lAf^) 



(12)3 
(23) (31) 



Table 4: Unprimed conformal supergravity MHV couplings 



We compare these couplings with those of opposite helicities, with instanton number zero: 

(p2)C(p3)>tree = / (0|^^ (pi ) (p2)C(p3) |0) J] dpr/djMdjS 
J r=l 

\{dkr^ WK^r" - krX'^me^l^^'^^^r.^'^P^) |0) 

r=l ^ r,a 



r=l ^ ra \rj^3 



{Pl - P2f 



\{d\-\{dpr/d^sdlM .5'^^"Mm)^i(2)Q{3) (Pl -P2)- 



.5--[31]M)! / '^i{5{.l-^^.l) n^E^-™) ^1(1)^1(2)Q 
2 r=l a r=l 



0(3) 



(3.12) 



After eliminating 1^, for degree d = we replace Z\p) with Zg. From momentum conserva- 



tion, we find vr2[21] = — 7r|[31]. We can replace two of the delta functions nr=2 '^('^r ~ Jj'^^V 



with nLi'^lELi^r - §vri)7f,,) [23] = nLi'5(ELi^r^-) [23]. Here (0|^i|0) = 1, see 
Ref. [2D]. This amplitude is type (j)(j)F. It is useful to express the invariant measures as 



3 I ^yl 

dlM = Wdpr-, TT TT r and ^75 = —,- (3.13) 

(Pi - P2KP2 - P3){P3 - Pl) 
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in the d = sector, where A" = Ag. Comparing (j3.12p with (j3.2p . we verify the 
d = tree {Af'^{pi)Af^{p2)C{p-i))trcc is the antiholomorphic version of the d = I couphng, 
{A^\{pi)Aj_lip2)C{ps))t,cc- Similarly, the <P^F tree 



{A^\ipi)Af'{p2)e2{p3))tree = [ {0\At\{pi)At'ip2)e2{p3mlldpr/d-/Md-/S 

r=l 

3 

I 



r=l 2 3 

(^^l^2A_i(i)^l(2)e2(3)\ 



J];dA'^J]d/9,/(i75(i7A/ 



(Pl - />2)^ j 



^ r=l a r=l 

■ 5^1^^ ^^(STr.Tf,) A_i(i)^i(2)e2(3), (3.14) 



is the antiholomorphic version of p.4p . The FFF amplitude 

r _ 3 

(e2(pi)e2(/02)C(/)3))tree = / (0|e2 (pi )e2 (p2)C(p3) |0) d/9r-/(i7M'i7S' 

r=l ^ ^ ra r=l 

X n n (^Pr/dlsdjM 62(1) 62(2) (^^0(3) 
a r 

TTx..a . ^a.„^^.-^3_l._l^2 W[31] 



-2 



/ n^^r ^n'^«-^^^"(^^')) (i^)'^2^(^i') 



r=l ^1^2 (pl - P2){P2 - P3){P3 " Pl) 

X J|(^(S^=iA;r7fr-a) JJ 11 '^^'''/^'^•^'^^^^ ^2(1) 62(2) (50(3) 

a a r 

6^{T.7:rTtr) [Uf 62(1)62(2)^0(3) (3-15) 



is the antiholomorphic version of (j3.6p . 

Of course, we expect these results for the d = amplitudes, from the conjugation properties 
of the vertex operators. But we present the derivations to demonstrate our computational 
methods, and to verify (j3.7p . The d = three-graviton coupling vanishes identically, since 
the vertex operator e_2(p) involves Xa{p)dX"'{p) which vanishes for X"'{p) = Aq, a constant: 
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and 



f ^ 
(e2(/9i)e2(p2)e-2(p3))tree = / (0|e2 (/9i)e2 (/92)e-2 (ps) |0) JJ dp^ /(i7Md75 

J r=l 

n 1212 (0| n e^^^^'^^^'^f^^ KYaiPr) e"'^''rl^^'^P^)\o) Hdpr/d^sdju 
X {0\l[S{7r^-krX%Pr)) XMdX^ipsm e2(i)e2(2)e_2(3) = 0, (3.16) 

ra 

r ^ 

(C(pi)e2(p2)C(p3))tree = / (0|(7(pi)e2(p2)C(p3)|0) J] dpr/djudjS 

(0| n 5{K - krX'^iPr)) A„(P3)9A'^(P3)|0) Co(i) 62(2)^0(3) = 0. (3.17) 



r=l 
X 



ra 



These are FFG trees. Finally, we include the familiar degree zero three-gluon vertex 

3 



{A^^{pMt{P2)A^'M))tr^ = / (0|^^(pi)^^(p2)^:!!(p3)|0) n dpr/d^MdlS 



r=l 



= / n^^'-i:^ Y[5{K-KX'') 

J ;Li ^1^2 (Pl - P2)(P2 - P3)(P3 - Pi) 

X (0|eS'=i i^rKkf^'M |0) ]J dA-^ J] dpr/d^sdlM ^1(1)^1(2)^-1(3) 

= (54(E7r^7f^)/^i^2^3 



[12]3 

^^^Ai(,)Ai(2)^-l(3)- 



(3.18) 



(ylfMf^C') = -[12]2<5^i^2^i(i)^i(2)Co(3)<5'(S7r,7f,) 



(A:!iA^^^e2) = -jip<5^i^^A-i(i)Ai(2)e2(3)<^'(S7r,7f,) 



(6262(7) = [12]^e2(l)e2(2)Co(3)(5^(i;7rr7rr.) 



(62626-2) = 



(Cr2r) = 



12' 



pJIsiJ- 



Table 5: d = Unprimed confer mal supergravity couplings 
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3.2 Amplitudes with Primed Vertices 



In this section we will compute tree amplitudes containing states with primed vertex opera- 
tors. As a preliminary study, consider the d = 1 coupling {A'^\{pi)A^\{p2)C'{ps))trec with 
(f)(f)G' vertex operators. Using the previous methods, it is convenient to evaluate the primed 
coupling as 



{A^\{pi)A^l{p2)C'{ps))trcc = / {0\e'^'A^\{p,)A^\{p2)C'{p3)\0)l{dpr/djMdjs 

3 3 3 



r=l r=l ra r=l a 

X (Ole^Oi (|^5/(p3)-S3d/inP3)s3a5A'^(p3)) 6^ ^■^'^'(''^) |0) ^_i(2) ^^(3) 



H d^A^dV' n dpr/d-fsd-iM 5^'^' A_m).4_i(2)C^( 



VTn TTo 



(3.19) 

where we have used the delta functions ^(vr^ — krX^{pr)) to do the kr integrations. Here 
\"'{p) = Aq + pXti- In order to perform the d'^p'^ integrations, we note that 

n ^ \br \ 1- "1- "1- 



r=l 



for any n, when vr^ — (X (zr) / X {zr))Trl = 0. We can invert this change of variables to write 
Ylr=i ) ^ra and Yll=i ^ ^rdPr in terms of Yll=i ^^^d-, and express the exponential in 
(I31B as 

where the anti-symmetric epsilon tensor is e^^ = 1 = — ei2, as in section 2. Then the integrand 
of the d'^p"' integrations can be expressed as derivatives of the exponential. 
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(-idetA) 



^3 SELl^r'^n ^3 5E'=l^r^Vf,2 



Performing the d 11°" integrals to find momentum delta functions, 



I J]dV^e^^(^SM^-A,,,.^)E?..<... ^ (detA)2 5^(Svr.vf.), 



and using our previous methods, (j3.19p becomes 

3 3/ 



(3.22) 



(3.23) 



(12) 



3 

3 



r=l 



3 r=l r=l 
^0(3) d 



\r=l 



(12)^<5-^-M_,(,)A„i(2)^^'^^(S^.^. 



where we have chosen the Berkovits Witten gauge Sa 
-3 ^0 



0(3) 



(3.24) 



— SO — r — -T 



2p" 



1 _ 1 
as in 



and defined P° = X]r=lPr = 5 I]r=l(^r^»-2 - ^r^n), using p^aa = T^raT^ra = <^aaPrfi 

section 2. 



We interpret the amplitude ()3.24p with the help of understanding how the momentum oper- 
ator acts on the primed states. In conformal supergravity, the dipole pairs arise as solutions 
to equations of motion with higher than quadratic derivatives, see for example [HI |3]. Each 
pair (Tp,cjp satisfies {d^d^)'^a = 0, and comprises a plane wave state dp = e*^'^, and a state 
a'p = iA ■ xe^P'^ that cannot diagonalize the momentum operator for any non-zero vector A 



independent of x. Since P°? = —ijr^, then 



(3.25) 



In particular, we can write a'p = A°-"'^^ap, and choose A to be in the time direction [3] to 
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make contact with the Berkovits Witten gauge, so 



The primed amphtude p.24p is effectively — 2^0^'^^ ^ times the form (I3.2p . as expected in 
view of (j3.26p . For the pair of states to have the same relative dimension, the wavefunctions 
Co(r),C'Q^^^ differ in dimension by a factor of (p^)'^, so the primed amplitude (I3.24p has 
canonical dimensions. 

But what about momentum conservation? Surely primed amplitudes are conformally invari- 
ant, just as the others. Although the primed states are not eigenstates of the momentum 
operator, we know they transform as in (j3.25p . So, the momentum operator acts on the 
coupling {A^\{pi)A^l{p2)C'{p3))trcc as 

P'{A^\ip^)A^l{p2)C'ips)),ree " {A^\ipi)A^\ip2)Cips))tree 

^'0(3)^^3 

'-^0(3) „o 9 ..„0n.3/ 



(3.27) 



and 

P'{A^\{pM-l{P2)C'{p3))trce = (12)^ <5^^^M_i(i) A„i(2) C',^S)^6{P')P'6\P') = 0, 

(3.28) 

verifying the primed amplitude ()3.24p has translational invariance. Here P^ = YlrP^^ 
P^-7^S{P^) = —S{P^) on the support of a test function. 



In a similar calculation, now using the e'_2{p) vertex operator in lieu of C'{p), we find the 
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MHV coupling for two gluons and a primed graviton: 
{A^^{p^)A'^\{p2)e'_M) 



/tree 



■-—2(5 '^l(l)^-l(2)e_2(3) 



^31 



r=l 

n 

d d 



^3 5E'=iVr2^.i vrl 9E'=l^r^Vf,2 



VTrTTi. 



r=l 



(12^^ ^1(1)^-1(2)^^'^ (Svr.vr. 



(3.29) 



For the d = 1 GGG coupling of two gravitons and a scalar, we can extend to any combination 
of primed vertices Vc as follows. If there is more than one primed vertex operator, there 
will be a product of factors in the derivation of the amplitude, of the form, 

{>^W-i - pI^U) + ^ (Ag/-^ - ^IXl,) ) (3.30) 

for each site r that corresponds to a primed vertex. We can evaluate this in a similar way to 
(j3.22p . to find, for example, 

3 

(e-2(Pi)e-2(P2)C'(p3))tree = (0| e-^" e'_2 (pi )e'„2 (^2)^(^3) |0) J] /dTM^Ts 

r=l 

So effectively, the contribution of a Vc^Pr) vertex operator to a tree amplitude can be found 
by replacing each unprimed wavefunction by a primed wavefunction times —-Jij-^. 

Amplitudes involving Vp vertices are more tedious to evaluate. As a guide for these methods, 
we can use the antiholomorphic amplitudes. For example, the d = three-point coupling 
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{A^-{pMl'{P2)C'{p'i))tree = [ (0|^^ (pi)Af ^ (p2)C"(p3) |0) H dp^M^^TM 



/ 



c,r=l a 

+ i4 (0|e*S'=i*=-*'-^'^'(^'-)e^^3%/^''(P3) y. (p3)[0) 

X /n^^S n - ^^•^'('^^•)) ^"3^^(^3 - A:3A^(P3))) 



,,b 
6 Mo 



c,r=l 

[12f6^^^^A,^,)A,^,)^^6\^nrnr). (3.32) 



where we could evaluate (0| ncr=i ^("^r ~ krX'^{pr)) 5(7rf — k^X^ipr)) Ya{pz)\^) by writing the 
delta functions Her "^(^r ~ hX'^ipr)) as f Y[c,r ^rce^^^''^^'^'''''''^''^''''^''^''^^^ using the commu- 
tator of X^{pr) with Ya{p3), for r = 1, 2, and divide by the invariant measure p.lSp . But we 
know the result, since it is the antiholomorphic form of (j3.24p . found by replacing TTra,T^j.b 
with their conjugates Ttrdi'^Th- 

The d = three-point amplitudes from the FGG' , F'GG, GGG', FG'G', F'GG', GG'G', 
F'G'G' and G'G'G' sectors all vanish. For d = 0, the three-point tree amplitudes from 
the FFG' and FGF' sectors give conventional Einstein couplings, along the lines of [23]. 
Three-point trees in the FF'G' , F'F'G and F'F'G' sectors for d = are more detailed to 
access. 

The MHV three-point amplitudes involving the primed states of the dipoles in the 4>(j)G' , 
GGG' , GG'G' and G'G'G' sectors, together with their helicity conjugates are summarized in 
Tables 6 and 7. 
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{At\A^\C') = 


= (12)2 5^i^^^_,(i)^_,(2)%f |.54(S7r,7f,) 


{At^A^le'_,) 




(e_2e_2C") = 


-(12)4e_2(i)e_2(2)%^45^(S7r,7f,) 


(e_2e'_2C) = 


-(12)^e_2(i)%lCo(3)4<5'^(Svr.vf.) 


(e_2e'_2C") = 


-(12)^e_2a)%f%l^^^(Svr.vf.) 


(e'_2e'_2C) = 




(e'_2e'_2C") = 


/10\4^'-2(l) ^-2(2) C'o(3) 93 A^r^T ^ \ 

^^^> 2p>i 2pi dp^.dpppf ^^^r^r) 



Table 6: MHV Conformal supergravity couplings with primed states 



{A^'A^^C) 




{At\Af^e',) 


= |ip5^^^^^-i(i)A(2)% 4<J^(S7r,7f,) 


(6262(7') = - 


-[12]^e2(i)e2(2)%f45^(S;r.7f.) 


(e2e^C) = - 


[12]^e2(i)^C'o(3)^<5^(S;r,7f,) 


(e2e^C") = - 


-[12]^^2a)%|f4l^^^(Svr.^.) 


(e^e^C) = - 




{e'AC') = - 


r-i 014 ''2(1) 4(2) "^0(3) fj-'' r4/^_ =. \ 

"^-^"'J 2pu 2p^ 2pu Sp^ap^Sp^'^ il^vr^vr^j 



Table 7: d = Conformal supergravity couplings with primed states 
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4 Canonical Derivation of the Berkovits Witten Amplitudes 



In this section, we extend our analysis of the three-point functions using canonical quan- 
tization, to A^-point MHV tree amplitudes for unprimed vertex operators. The maximal 
helicity violating (MHV) amplitudes contain any two vertex operators of negative helicity, 
e_2, C, A-i, and N — 2 positive helicity vertex operators from the set 62, C, Ai. 

We will compute an amplitude for a specific choice of the two negative helicity states, and 
then discuss how this generalizes. We consider the {d = 1) amplitude for two negative helicity 
vertex operators, one of type G and one of type F, {e-2Ce2 ■ ■ ■ 626* . . . CAi . . . ^i)tree- This 
has n positive helicity type F gravitons, m positive helicity type G scalars, and p positive 
helicity gluons . We denote the total number of vertices as A^ = 2 + n + m + p. Inserting the 
expressions from Table 3, we find 



a=l 

X I 



^2 1 
^ a=l 



n+2 r rlh - ■ 

7=3 '^j a=l 



n+2 j,_ 2 

X 

r- 

m+n+2 „ 2 

X n / dkjk.X,^ (/,,) n S{kjX^{p,) - 7r^)e'''^'^^^'^P^^dX^^ (p,) 

j=n+3 a=l 

N „ 2 N 

X n / n - <)e^'^^-'^'(^^') j^^(p,)io) n dpr/d^sd^M 

j=m+n+3 ^ a=l r=l 

(4.1) 



where we have dropped the polarizations for convenience. It is useful to introduce the sets 
of indices: n = {3, . . . , n -|- 2}, m = {n + 3, . . . , m + n -|- 2}, and p = {m + n -|- 3, . . . , N}. 
To further emphasize the occurrence of gluon or graviton type, we define the larger sets 
n' = {2, 3, . . . , n -|- 2} and m' = {1, n + 3, . . . ,m + n + 2}. From the following formula 
presented below, we can see these sets will be useful when considering amplitudes having a 
more complicated ordering of vertex operators. We rewrite (j4.ip as 
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N 

n+1 



/ Yl dKdpr/d-isd^M n KKX^iPr) - TTrl J] H ^^^^ U (f 

r=l a,r jGn' ^ ^ jem' jGp ^ 

X (Ole^o n A.(/>,)aA'^(p,)lO) {0\llJ''KPjm 
jem' jep 



X JJ f e*'^^*^^'^'^''^) ) J] ( e*'^^^^^'^^^^ ] [0). (4.2) 

Many simplifications happen at this stage. With 

(0|e'?oV''(pi)V''(P2)|0) = (pi - />2)(Ole'?°Vii^olO) = (pi - P2), (4.3) 
four factors of pi — p2 come from the second hne. Evaluating the A term, we find 

(0|e'?o J] Xa^{pj)dX''^{pj)\0) = j \{d^\%dei\r+\ (4.4) 

where det A = AJA^^ — AqA^^^, as in section 3.. We use a current algebra contribution [23] 

(oi n j^^ip^m = /^™+"+«-^- n — ^ — ' (4.5) 

Pi — Pi+1 

with /Oiv+i = pm+n+3- In what follows, we denote j^m+n+3---^jv = yA...A^ This is merely 
simplification of notation, as the group indices add no new information not contained in the 
denominator. We note, for computing MHV amplitudes containing negative helicity gluons, 
the form (j4.5p remains the same with the set p replaced by the total set of gluons p'. 

The last expectation value in (j4.2p is equal to 

(-i)"+^(detA)25^(S7r,7f,) n Yl ^""^ ' (4-6) 

^ I 1 ^ Pv P^ 

where now (5^ (STTr-vfr) = Ildfe'^ i^^=\A-^rh) ■ We integrate the /c,.'s using b{kr — T^l/^^iPr)): 
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and evaluate the amplitude (|4.2p to obtain 



r=l a r=l 

4 



(4.7) 



We define Cr = ^'^d change variables from to Cr- The identification 



W 1 r n 1 , N 



%^ N] _ detA T^y\xy\ 



follows from 



^ Al(P2;)K - P.) XHPx) ^Jpy-Px)' 



h)iPy - Px) Ai(p^) ^ (pj^ - 

using A^fj ~ ^' '^liich is provided by the factor 6^(T,TTrTtr) in (j4.7p . in view of the equality 

(|3.20p . To implement the change of variables, we have Cr — Cj = lT(^rjX^^' ^'^ ~ '^{^'^P^ 
so (02]) is 

6\'LTi,TTr) / n n d^>^VdlsdlM (det A)-^ \[ 6{T,r^ - C.vri) (vn V2i(Ci - (2))^ 

r=l a r=l 

X n (;^)^ n n (^) /-^n (^) n e 

We identify d'ysd'fM = d^A"(det A)~^ and do the Cr integrations. Since 

rr n V V .1 M TT ^ K)'M .4... 
11 [-^ \ % ^ = 11 \ ^ ^ 



(|4.1ip can be reexpressed as [3] 

AT 

TT , 

«)2 (xy) ' 



TT M!M (4 12) 



xSn' y=l,y^x 



26 



which is independent of 7rj,7r^, to obtain the result 
{e.2Ce2---e2C---CAi...Ai) 

The amphtude is independent of the order of the positive hehcity states, as this corresponds 
merely to changing the position of the Ya fields, and does not affect (|4.6|) . To generalize our 
expression for any two negative helicity states, it is useful to identify pieces common to all 
amplitudes: the two negative helicity states in any position p^, Ps will give the factor of (rs)^, 
all gluon vertices contribute to f^ '^Ylj^p' -(jj^-, defined in (j4.5p . and the type F vertex 
operators contribute to the product of sums. The type G vertex operators provide factors 
of det A, and leave no further mark on the amplitude. Our answer (j4.13p thus becomes the 
Berkovits Witten formula [3] , which they found from a path integral formulation, and where 
we have absorbed a factor (— i)^ in the definition of the vertex operators Vp- 



Comparison of Conformal Gravity with Einstein Gravity Amplitudes 

To visualize conformal gravity amplitudes better, we use ()4.13p to study the conformal four- 
graviton tree amplitude 



{e.2{pi)e-2{p2)e2{p3)e2{p,))cG = {l2)' J] E 

(12)^[32](21) ((43)(21) - (23)(41)) [42](21) ((34)(21) - (24)(31)) 

(31)2(41)2(34)2(23)(42) (cnoose ^ - ij 

_ (12)4 [34]4 



{S12? 



using the identity (43) (21) - (23) (41) = (13) (24) 



= (e_2(l)e_2(2)e2(3)e2(4))s,„,tem, (4.14) 

Sl2 

which has fewer poles than Einstein gravity, since the Berends Giele Kuijf expression |14j for 
Einstein gravity tree amplitudes as a product of Yang-Mills trees is 



(e_2(l)e_2(2)e2(3)e2(4))K„,tem = si2- ^ ' ^ ' 



■(23) (34) (41) (24) (43) (31) 



S12S23S24 
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We can reproduce the conformal gravity four-point function (|4.14p from tree level exchange 
of the scalar field C 



(e„2(/0i)e-2(/02)e2(p3)e2(/94))cG = (12)^^-— [34]^ (4.15) 



1 

1^12] 



corresponding to the product of the three-point trees {e-2{pi)e-2{p2)C{p)) = (12)'^ and 
{C{p)e2{pz)e2{pi)) = [34]'^, times the conformal propagator j^^, where = Si2- 



5 A^-point Tree Amplitudes for Mixed Primed and Unprimed Vertices 

Finally we turn to the A^-point MHV scattering amplitudes containing both primed and 
unprimed vertices. To begin, consider two negative helicity gluons, A-i and n G' scalars, 
C'q. The total number of vertices is = 2 + n. The set of primed vertices is n = {3, . . . , N}. 
To compute (^^^(pi)^^^(p2)Co(/'3) • • • C'o(pAr))tree) use the vertex operators from Table 3, 

/(0|e'^»y" ^X\5{kl\''{p^)-^:l-)e^^^^^''^^'^P^h\^\pl)^l^\p^)i,\pl^^^^ 



X 



^J[5{k2\%P2)-Tr2'')e'^^^^^^'^P^ht^\p2)^\p2)^\p2)^^^^^ 



k 



2 a 



N 

X \^Sjadp'^{pj) — SjaSjaP"" 



r=l 



(5.1) 



which yields 

AT 



l[dkrdprkrll6{krX''ipr)-7rrn {pi - P2)Hklk2)^ JJd^ d^sdjM 
r=l a,r a 

/ 1 \2 

(Ole-?" n ( T^9p\pj) - s,aSjaf^\pj)dX-ipj) ) e'^rkrK,^^'ip.)\o). (5.2) 



jen 



kj 
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We evalute the expectation value in (|5.2p as a sequence of derivatives, as in (j3.3ip . and find 

^ ^ ^ 6\j:TTrTtr). (5.3) 



-(f2)25^i^M„l(l)A_i(2)C^(3) • • • C'o^N) n 

jGn L 



Clearly this same form holds for 



tree 



(12)''e'_2(i)e'_2(2)C'o(3) • ■ ■ ^o{N) Jl 



1 d 

' 2p0 



(5.4) 



and for any combination of these type G primed and unprimed states, with the product then 
taken over the primed sites. 



A^-point functions with type F' vertices, and with mixed G' and F are more varied to track. 
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